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Abstract One of the important and famous topics in general theory of relativity and
gravitation is the problem of geodesic deviation and its related singularity theorems.
An interesting subject is the investigation of these concepts when quantum effects
are considered. Since, the definition of trajectory is not possible in the framework of
standard quantum mechanics (SQM), we investigate the problem of geodesic equa-
tion and its related topics in the framework of Bohmian quantum mechanics in which
the definition of trajectory is possible. We do this in a fixed background and we do
not consider the back-reaction effects of matter on the spacetime metric.
Keywords Gravitation · Bohmian quantum potential · geodesic deviation equation ·
Raychaudhuri’s equation
PACS w04.20.D · 03.65.-w · 04.60.-m · 04.62.+v
1 Introduction
Bohmian quantum mechanics (BQM) allows us to attribute trajectories to particles
like in classical mechanics. But here there is a difference due to the fact that these
trajectories are affected by a wave function or a guiding wave. This encourages us
to study Bohmian geodesic deviation equation and Raychaudhuri’s equation, where
quantum effects are significant. In this paper, we do this for relativistic Klein-Gordon’s
particles and obtain their non-relativistic limit systematically. But, we first review the
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elements of BQM rapidly. In ref [1] a similar work has been done. Our work has
some differences in method and results with respect to the methods and results of ref
[1].
First, we explain the postulates of BQM and its differences with SQM in sum-
mary. In BQM, the wave function or pilot-wave is defined in the configuration space
of the system, but it has a real origin. Its main task is guiding particles on some real
trajectories in a causal manner. In other words, the wave function is not merely a
probabilistic instrument(as in Born’s interpretation of the wave function in SQM).
But, since the initial conditions are not provided exactly, we attribute a statistical in-
terpretation to it, with the distribution ρ = |ψ |2. Another postulate of BQM is that
we can attribute physical properties like energy, momentum and etc to a particle even
before experiment. [3,4]. The experimental results of both approach are identical.
In fact, in BQM, like in classical mechanics, a particle has deterministic trajectories.
These trajectories have different features from the classical trajectories. Because, they
are determined by a wave function which is a quantum concept. In Bohm’s own view,
the effects of the guiding wave on a system appears in an important concept known as
quantum potential. But in some approaches like the DGZ theory, quantum potential
has no essential role[5]. We follow Bohm’s own approach in following.
By substituting the polar form ψ(x, t) = R(x, t)exp(
iS(x,t)
h¯
) of the wave function
into the Schro¨dinger equation, we get a generalized Hamilton-Jacobi equation and a
continuity equation:
∂S(x, t)
∂ t
+
(∇S)2
2m
+V(x)+Q(x) = 0 (1)
∂R2
∂ t
+
1
m
∇ · (R2∇S) = 0 (2)
In the above equations, S(x, t) is the action of the particle and Q is the non-relativistic
Bohmian quantum potential defined by:
Q =− h¯
2∇2R(x, t)
2mR(x, t)
=− h¯
2∇2
√
ρ(x, t)
2m
√
ρ(x, t)
(3)
where, ρ = R2. The quantum potential has some special properties like context de-
pendency and non-locality which give non-classical properties to a particle.
The position of the particle is obtained from the following equation:
dx(t)
dt
=
(
∇S(x, t)
m
)
X=x(t)
(4)
where ∇S(x, t) is the momentum of the particle. By knowing the initial position x and
wave function ψ(x, t), the future of the system is obtained.The expression X = x(t)
means that among all possible trajectories, in an ensemble of particles, we choose one
of them. The relation (4) is called guidance formula. In ref [3], it has been demon-
strated that the trajectories following equation (4) do not cross each other. So they
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can form a congurences of trajectories. The single-valuedness of the wave function
leads to:
∆S =
∮
dS =
∮
∇S ·dx=
∮
p ·dx= nh (5)
In other words, the difference between phases are constant and for every instant at the
place x, p = ∇S is single-valued. The trajectories are irrotational, because, ∇×p =
∇×∇S = 0. For getting equations (1),(2) and (3), Bohm’s approach is not the only
possible approach. It can also obtain the result through a variational method. (See for
example refs [6,7,8]).
For a relativistic spinless particle, we substitute the polar form of the wave func-
tion into the Klein-Gordon equation to derive the quantum mechanical Hamilton-
Jacobi equation. For a relativistic spinless particle in a curved space-time we have:
∇µS∇
µS = gµν∇νS∇µS = m
2
0(1+Q) = M
2 (6)
where
Q=
h¯2
m20
∇µ∇
µR
R
=
h¯2
m20
∇µ∇
µ√ρ√
ρ
(7)
Equation (6) indicates that the rest mass of the particle is not a constant in the rest
frame of the particle; rather, it depends on the quantum potential. The 4-momentum
of the particle is obtained from:
pµ = M uµ = m0(
√
1+Q)uµ =−∇µS (8)
which depends on the quantum potential.
Classical deviation equation for a congurence of geodesics is
D2ηµ
Dτ2
= R
µ
ρλ νu
ρηλ uν (9)
where ηµ is the component of deviation vector between two neighborhood geodesics
and τ is the affine parameter of geodesics. Since we only consider timelike geodesics,
then τ is the proper time. The classical Raychaudhuri’s equation for a congurence of
geodesics is
dθ
dτ
= ωµν ω
µν −σµνσ µν − 1
3
θ 2−Rµνuµuν (10)
The quantity θ = ∇µu
µ is called expansion, which measures the fractional change
of volume per unit time. The shear tensor is σµν =
1
2
(hλν ∇λ uµ + h
λ
µ∇λ uν)− 13θhµν ,
where hµν is the transverse metric and h
µ
ν is projection operator constructed from
it. The shear tensor is symmetric and trace-free. Also, the rotation tensor is ωµν =
1
2
(hλν ∇λ uµ −hλµ∇λ uν), which is an antisymmetric tensor. Both shear and rotation are
orthogonal to the four-velocity uµ i.e, ωµνu
ν = σµνu
ν = 0.
In general theory of relativity, there is an important theorem known as focusing
theorem which states that for hypersurface orthogonal geodesics (ωµν = 0), with a
strong energy condition Rµνu
µuν > 0, the geodesics get focused and converge to
a caustic point. This occurs in finite proper time τ ≤ 3θ(0) where, θ (0) is the ini-
tial expansion [9,10,11,12]. In the next sections, we investigate these topics in the
framework of Bohmian mechanics.
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As we mentioned before, in ref [1] a similar work has been done, using the ve-
locity field approach. The author, has began from the non-relativistic case and fol-
lowed its consequences in the relativistic case. But here, we begin from a different
starting point and go to the non-relativistic domain systematically. The mathematical
result of our approach is somehow different from the result of ref [1] in relativis-
tic domain. But it coincides with it in the non-relativistic domain. We do it for the
minimal conformal coupling of the Klein-Gordon equation, i.e, ζ = 0 in equation
(✷+m2 − ζR)φ = 0, where R is Ricci scalar. The extension for non-zero ζ is
straightforward. Here, we fix the background metric and do not consider the back-
reaction effects. The back-reaction effects of matter on the space-time metric, in
the framework of BQM, has been studied in ref [13]. In this work, we choose the
Lorentzian signature, as (+1,−1,−1,−1).
2 Deriving Bohmian geodesic deviation equation and Raychaudhuri’s equation
The main key that helps us to obtain Bohmian versions of deviation equation and
Raychaudhari’s equation is that when we consider the trajectory of a particle in the
presence of a quantum force, the geodesic equation uν∇ν u
µ = 0 can not be valid
anymore. In fact, the particle on such terajectory experiences an acceleration as aµ =
uν∇νu
µ . From equations (6) and (8) we obtain:
pµ pµ = M
2 (11)
This ensures that:
uµuµ = gµνu
µuν = 1 (12)
This is a good news, because the geodesics are timelike and the classical treatment of
gravity for constructing geometrical instrument for studying geodesic deviation can
be continued. In other words, we can evaluate the essential quantities like expansion,
shear, rotation and etc, by using a purely spatial transverse metric hµν = gµν −uµuν .
Also, we have hµνu
ν = 0 and ∇λ hµν = 0. It is noteworthy that the momentum is de-
fined as pµ = M uµ , and not as pµ = m0u
µ . If the relation (12) is not be true, we can
not construct projection operator and the whole of procedure faces with some diffi-
culties. As we mentioned earlier, we should only consider an acceleration in addition
to the classical situation. This acceleration is related to Bohm’s quantum potential.
The relation (11) is a general relation which is true for spinning particles. Naturally,
for spinning particles M 2 should contain spin four-vector and its derivatives. For
the study of the quantum potential for spinning particles, refs [3] and [14,15,16] are
suitable. In fact M 2 = m20e
Q which is derivable from Mach’s principle or by taking
mass as a dynamical field [17,18]. But since, the quantum mechanical energies are
very small relative to the classical energies, we can write eQ ≃ 1+Q. Now, from the
equation (11) we have:
2pµ
d pµ
dτ
= 2M
dM
dτ
(uν∇ν p
µ)pµ = M uµ∇
µ
M
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uν∇ν (M u
µ) = ∇µM
M uν∇νu
µ = −(uν∇νM )uµ +∇µM
uν∇νu
µ = − 1
M
(uν ∇νM )u
µ +
1
M
∇µM
uν∇νu
µ = −1
2
uµuν∇ν ln(1+Q)+
1
2
∇µ ln(1+Q) = aµ (13)
Infact, aµ is the quantum acceleration of the particle. If we multiply both sides of
the above equation by uµ , we get a
µuµ = 0, which indicates that four-acceleration is
purely spacelike. Since the energies due to quantum potential Q, is very small with
respect to the classical energies, we can assume thatQ<< 1 and ln(1+Q)≃Q, and
the last relation reduces to:
aµ =−1
2
uµuν∇νQ+
1
2
∇µQ=−1
2
uµuν∇νQ+
1
2
gµν∇νQ=
1
2
hµν∇νQ≡ aµ(B)
(14)
By a
µ
(B)
, we mean that this acceleration is due to the Bohmian quantum potential.
Now, by using the relativistic Bohmian quantum potential, we have:
a
µ
(B)
=−1
2
uµuν∇ν
(
h¯2
m20
∇λ ∇
λ√ρ√
ρ
)
+
1
2
gµν∇ν
(
h¯2
m20
∇λ ∇
λ√ρ√
ρ
)
(15)
We shall demonstrate that above equation, in the non-relativistic domain, is compat-
ible with an acceleration due to the non-relativistic Bohmian potential. It is obvious
from the relation (3) that in non-relativistic domain only the spatial derivatives appear
in the quantum potential, i.e, ∂Q∂ t = 0. Also we have, u
i = δ
µ
0 and τ → t. We infer from
the equation (15) that the acceleration in the non-relativistic limit is:
ai =
1
2
∂ i
(
− h¯
2
m20
∇2
√
ρ√
ρ
)
= ∂ i
(
− h¯
2
2m20
∇2
√
ρ√
ρ
)
=
∂ iQ
m0
=
f i
m0
(16)
where Q is the non-relativistic Bohmian quantum potential and f i is non-relativistic
quantum force. For simplicity, we have considered the last relation in a flat spacetime.
Otherwise, a gravitational acceleration ∇φ(x) should have been added to it.
Now, we consider the effect of such acceleration on the deviation equation. Then
we derive the modified Raychaudhari’s equation. Finally, we shall discuss about their
consequences.
2.1 Bohmian deviation equation
Consider a family of non-crossing curves which are not geodesics in general. The
affine parameter along a specified curve is τ and tangent to it is the vector uµ =
∂xµ
∂τ . The deviation vector between two neighboring curves is defined as η
µ = ∂x
µ
∂ s
in which the parameter s parameterizes the curves in which ηµ is tangent to them.
6 Faramarz Rahmani, Mehdi Golshani
Also, ηµ and uµ are orthogonal. The velocity field for deviation vector is defined as
dηµ
dτ = u
ν∇ν η
µ . The acceleration of deviation vector which we are interested in it, is
D2ηµ
Dτ2
= ∇λ (u
ν∇ν η
µ)uλ = ∇λ (η
ν ∇νu
µ)uλ (17)
where we have used from this fact that: ∂u
µ
∂ s =
∂ηµ
∂τ . After some calculations and using
the definition of curvature tensor for any arbitrary vector field,
[
∇ρ ∇λ −∇λ ∇ρ
]
Aµ =
R
µ
νρλ A
ν , we get:
D2ηµ
Dτ2
= ηλ ∇λ (u
ν∇νu
µ)+R
µ
ρλ ν
uρ ηλ uν (18)
For a geodesic equation, the first term vanishes. But, we keep the first term because
we deal with the non-geodesics curves due to the presence of Bohmian quantum
force. So, we have:
D2ηµ
Dτ2
= ηλ ∇λ a
µ
(B)
+R
µ
ρλ ν
uρ ηλ uν . (19)
This equation can be written in an interesting form:
D2ηµ
Dτ2
= ηλ
(
∇λ a
µ
(B)
gνρ +R
µ
λ νρ
)
uρ uν = ηλ
(
R
µ
λ νρ +R
µ
λ νρ
)
uρ uν ≡Rµλ νρηλ uρuν
(20)
where, R
µ
λ νρ = ∇λ a
µ
(B)gνρ behaves like a curvature. This is only an appellation and
we do not want to create sensitivity. By this definition, we do not want to say that
the space-time curvature is affected in this formalism. Because, we do not consider
back-reaction effects. The above relation demonstrates that when we consider non-
geodesic curves or use an accelerated frame, a non-geometrical term appears along-
side the space-time curvature. In this framework, we call it non-geometrical curva-
ture.
In fact, the equation (6) can be written as ∇˜µ∇˜
µ S = m20, where by ∇˜ we mean
that the derivatives are taken with respect to the modified metric g˜µν = ω
2(x)gµν =
(1+Q)gµν . In this situation, the Hamilton-Jacobi equation of the particle returns to
its original form.[13]. The effect of such conformal transformation on the curvature
of space-time is R˜
µ
νρλ = R
µ
νρλ + f (ω ,∇µ ∇ν ω , · · ·) [9] where f is a function of con-
formal factor and its derivatives. This means that in our approach, the main curvature
of space-time does not change and only some terms will be added to it. If we con-
sider the back-reaction effects, then the metric R
µ
νρλ will be altered.[13]. In this case
some singularities of a specific space-time may be removed. But, in our approach,
the main features of space-time, for example its singular points for which η = 0, do
not change. Because, the classical part and quantum part are separate in the deviation
equation (19). So, we conclude that only the trajectories and elapsed time between
the two conjugate points will be changed and singular points will not be removed.
In other words, the curves between two conjugate points change with respect to the
classical case.
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An interesting point is that if we consider a flat space-time for which R
µ
ρλ ν
= 0
and ∇µ → ∂µ , we get:
D2ηµ
Dτ2
= ηλ ∂λ
(
−1
2
uµuν∂νQ+
1
2
∂ µQ
)
=
1
2
ηλ ∂λ (h
µν∂νQ) =
1
2
ηλ ∂λ a
µ
(⊥) (21)
This means that even in a flat spacetime, in the presence of quantum force, geodesic
deviation does not vanish. But, this deviation is not necessarily convergent. It depends
on mass distribution ρ and its derivatives ∂µρ ,∂µ∂νρ , · · · etc, becauseQ is dependent
on density and its derivatives. In fact the relation (21) reveals the non-geometrical
feature of the quantum force. This is not merely a deviation for Bohmian trajectories.
Rather, it is a Macian-type property which introduces the effects of mass distribution
on the particle dynamics.
We may face a situation in which gravitational effects is weak and velocities are
very small with respect to the light velocity but quantum effects are significant. The
relation (19) in terms of quantum potential is
D2ηµ
Dτ2
= ηλ ∇λ
(
−1
2
uµuν∇νQ+
1
2
gµν∇νQ
)
+R
µ
ρλ ν
uρ ηλ uν (22)
At the non-relativistic limit, we can take ui ≃ δ µ0 , τ → t and Rµ0ρ0 = ∂ µ∂ρ φ(x), where
φ(x) is the Newtonian gravitational potential. Also the time derivatives of quantum
potential is taken to be zero. For weak gravitational fields, we have ∇µ → ∂µ . Then,
the equation (21) takes the form:
∂ 2η i
∂ t2
= η j∂ j
(
∂ iQ
m0
− ∂ iφ(x)
)
(23)
where we have used the fact that ln(1+Q)≃Q. The relation (23) can then be written
more compact as:
∂ 2η i
∂ t2
= Ω ijη
j (24)
where Ω ij is defined as
Ω ij = ∂ j
(
∂ iQ
m0
− ∂ iφ(x)
)
(25)
Equations (24) and (25) are like the equations of a oscillating system. It is obvious
from the above equation that in the absence of gravitation there is always a pure
quantum mechanical deviation. It may be interesting to solve some specific problems
by using the above equations for different metrics.
For obtaining above relations, we started with the general relation pµ p
µ = M 2,
which is true for both spin zero or spinning particles. 1 Unfortunately, the quan-
tum potential of multi-particle relativistic electron has not been obtained yet. So, the
1 The Bohmian quantum potential for relativistic electrons has been derived recently by Hiley and
coworkers through complicated methods of Clifford algebra C03 .[14]. There, the quantum potential is de-
fined as additional terms of the Hamilton-Jacobi equation of the system and is obtained by comparing with
the classical equation pµ p
µ = m20. In other words, in that case too the relation pµ p
µ = M 2 holds, where,
M 2 = m20+QDirac.
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above procedure is not applicable for such systems yet. But it is possible for single-
particle relativistic electron and many-particles non-relativistic electrons. Due to the
extent of the topics of spinning particle and the Clifford algebra, we can not deal
with the topic of spinning electron in this paper. But here, we point out to the non-
relativistic single-particle case rapidly. For a single-particle non-relativistic electron,
the Bohmian quantum potential has two parts:
Q =− h¯
2∇2R(x, t)
2m0R(x, t)
+
1
2m0
∂is j∂
is j, i = 1,2,3 (26)
where si is the ith component of the local spin vector. The local spin vector is defined
in the framework of geometric algebra or Clifford algebra. We need only make a
transformation Q → Q+Qs in the relation (23) to get the non-relativistic Bohmian
deviation equation as:
∂ 2η i
∂ t2
= η j∂ j
(
1
m0
(∂ iQ+ ∂ iQs)− ∂ iφ(x)
)
(27)
The non-relativistic case is not very important. It is better to write it for single-particle
relativistic case. But it is to be done in another paper.
2.2 Deriving Bohmian Raychaudhuri’s equation
Classical Raychaudhuri’s equation for a congurence of non-geodesics curves is
dθ
dτ
= ∇µa
µ +ωµνω
µν −σµνσ µν − 1
3
θ 2−Rµνuµuν (28)
See ref [12]. So in our notation we have:
dθ
dτ
= ∇µ a
µ
(B)
+ωµνω
µν −σµνσ µν − 1
3
θ 2−Rµνuµuν (29)
The difference with classical Raychaudhuri’s equation for a congurence of geodesics
is that in latter the divergence of Bohmian acceleration is present. In terms of quantum
potential we have:
dθ
dτ
=
1
2
∇µ [(g
µν − uµuν)∇νQ]+ωµνω µν −σµνσ µν − 1
3
θ 2−Rµνuµuν =
1
2
∇µ [h
µν∇νQ]+ωµνω
µν −σµνσ µν − 1
3
θ 2−Rµνuµuν (30)
Finally, we get:
dθ
dτ
=
1
2
∇µ ∇
µ
Q+ωµνω
µν −σµνσ µν − 1
3
θ 2−Rµνuµuν (31)
Here, we have an additional term with respect to the classical Raychaudhuri’s equa-
tion due to Bohmian quantum potential. For the classical case, where ωµν = 0 and the
strong energy condition is held, we conclude that the expansion must decrease dur-
ing the congurence evolution. The term 1
2
∇µ∇
µQmay have different signs during the
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evolution. This makes it difficult to judge about the behavior of trajectories during the
evolution. But, from the our previous discussion about the conjugate points and devi-
ation equation we found that since the classical curvature is not affected by Bohmian
terms, the main features of space-time do not change and singularities will not be
removed. On the other hand, it has been demonstrated in ref [9] p.225-226, that the
singular points and the expansion have close and direct relationship. In other words,
when η → 0, for a singular point, the geodesics expansion tends to infinity(θ →−∞).
Since, in our approach the singular points will not be removed, we expect that the end
of trajectories evolution leads to singular points finally. The only difference with re-
spect to the classical procedure is that the trajectories fluctuate around the geodesics
curves due to Bohmian quantum force. If, we consider the back-reaction effects by
writing the full action, then some features of new space-time, like the singular points,
may change.[13]. Nevertheless, the consequences of singularity theorems remain un-
affected. Because, singularity theorems are independent of the specific space-time
whether it is classical space-time or quantum space-time.
In the non-relativistic domain, we get:
dθ
dt
=− 1
m0
∇2Q+ωµνω
µν −σµνσ µν − 1
3
θ 2−∇2φ(x) (32)
Where, ∇2φ(x) = 4piGρ and Q =− h¯2
2m0
∇2
√
ρ√
ρ . Thus, we get:
dθ
dt
=
h¯2
2m20
∇2
(
∇2
√
ρ√
ρ
)
− 4piGρ +ωµνω µν −σµνσ µν − 1
3
θ 2 (33)
The matter density is under the control of pilot-wave as ρ = |ψ |2. It may be possible
to solve these equations through the numerical methods to have a better view on
quantum geodesic deviation and Raychaudhuri’s equation. Specially, for the metrics
of expanding universe models.
3 conclusion
We studied Bohmian deviation equation and Raychaudhuri’s equation. After investi-
gating the problem, we found that the totality of the singularity theorems and their
results do not change. In other words, by using this method, we can not remove the
singular or conjugate points of space-time. Because, the output of this method is the
sum of old space-time features with additional features due to the Bohmian quantum
potential that are not correlated to each other. Thus, the main features of classical cur-
vature e.g. singular points, horizons and etc, remain unaffected and what changes is
a deviation from geodesic equation. Only in one case the singularities of space-time
may be removed, and it is when we consider the effects of back-reaction of matter
on space-time in the Bohmian framework. These results are obtained in the frame-
work of BQM in which the definition of trajectory is possible. Otherwise, it was not
possible to get these results through the SQM.
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